Abstract. We clarify the relationship between the two most standard measurements of the order of contact of q-dimensional complex varieties with a real hypersurface, the Catlin and D'Angelo q-types, by showing that the former equals the generic value of the normalized order of contact measured along curves whose infimum is by definition the D'Angelo q-type. We also correct our previous work on this subject in light of a recent counterexample due to John D'Angelo and Martino Fassina.
Introduction
The purpose of this note is twofold: correcting certain assertions in [1] and finishing the work initiated in that paper as far as elucidating the relationship between Catlin and D'Angelo q-types.
John D'Angelo brought to the authors' attention the following counterexample to the claim in Corollary 2.11 of [1] that for any ideal I of holomorphic germs the infimum in the definition of the D'Angelo q-type is achieved and equal to the generic value: I = (z As the results in [1] are proven with respect to the generic value, we introduce the following definition: Definition 1.1. Let 2 ≤ q ≤ n. If I is an ideal in O x 0 , ∆ q (I, x 0 ) = gen.val {w 1 ,...,w q−1 } ∆ 1 (I, w 1 , . . . , w q−1 ), x 0 , where the generic value is taken over all non-degenerate sets {w 1 , . . . , w q−1 } of linear forms in O x 0 , (I, w 1 , . . . , w q−1 ) is the ideal in O x 0 generated by I, w 1 , . . . , w q−1 , and ∆ 1 is the D'Angelo 1-type. Likewise, if M is a real hypersurface in C n and x 0 ∈ M, Let D q denote the Catlin q-type, and let ∆ q be the D'Angelo q-type. The two main theorems in [1] can now be stated with respect to∆ q as follows: Theorem 1.2 (Theorem 1.1 [1] ). Let I be an ideal of germs of holomorphic functions at x 0 , then for 1 ≤ q ≤ n D q (I, x 0 ) ≤∆ q (I, x 0 ) ≤ (D q (I, x 0 )) n−q+1 .
Theorem 1.3 (Theorem 1.2 [1]).
Let Ω in C n be a domain with C ∞ boundary. Let x 0 ∈ bΩ be a point on the boundary of the domain, and let 1 ≤ q < n.
(i) D q (bΩ, x 0 ) ≤∆ q (bΩ, x 0 ); (ii) If∆ q (bΩ, x 0 ) < ∞ and the domain is q-positive at x 0 (the q version of D'Angelo's property P), then∆
In particular, if bΩ is pseudoconvex at x 0 and∆ q (bΩ, x 0 ) < ∞, then
The hypothesis∆ q (bΩ, x 0 ) < ∞ may seem less natural than its counterpart with respect to ∆ q , but it is an easy consequence of D'Angelo's work in [4] that ∆ q and∆ q are simultaneously finite:
We shall prove this proposition along with Theorems 1.2 and 1.3 in Section 3.
The main result of this paper is the following characterization of the Catlin q-type D q that clarifies completely how it relates to the D'Angelo q-type:
Main Theorem 1.5. (i) Let I be an ideal of germs of holomorphic functions at x 0 , and let
n be a domain with C ∞ boundary. Let x 0 ∈ bΩ be a point on the boundary of the domain, and let 2 ≤ q < n. Then
In [2] Catlin defined his q-type D q by starting with the germ of a q-dimensional variety V q and constructing an open set in the Grassmannian G n−q+1 of all (n − q + 1)-dimensional complex linear subspaces through x 0 in C n that is specific to a given V q . His construction is so delicate because the aim is to obtain the same number of curves in the intersection of V q with each (n − q + 1)-dimensional complex linear subspace in this open set and the same maximal normalized order of contact measured along the intersection curves. As a result, proving the equality of D q with∆ q is trickier than it seems. Given any curve and any subspace W, we have to show the existence of a cylinder variety with the subspace W as the directrix subspace along the curve at x 0 . This construction allows us to construct a q-dimensional variety V q starting with any curve whose open set in the Grassmanian G n−q+1 in Catlin's construction is well behaved.
The D'Angelo-Fassina counterexample stated earlier gives an instance when the Catlin and D'Angelo q-types are not equal to each other, answering a question that has been open since 1987 when [2] was published. In their example,
The paper is organized as follows: We devote Section 2 to recalling the definitions of the Catlin and D'Angelo q-types. We then correct the results in [1] in Section 3, and we end with the proof of the Main Theorem, Theorem 1.5, in Section 4. Acknowledgements The work of Vasile Brinzanescu was partially supported by a grant of the Ministry of Research and Innovation, CNCS -UEFISCDI, project number PN-III-P4-ID-PCE-2016-0030, within PNCDI III.
Catlin and D'Angelo q-types
We first recall the definition of the D'Angelo q-type and the properties needed for proving the results in Section 1.
Definition 2.1. Let C ∞ x 0 be the ring of smooth germs at x 0 ∈ C n , and let I be an ideal in C
where C(n, x 0 ) is the set of all germs of holomorphic curves
such that ϕ(0) = x 0 for U is some neighborhood of the origin in C 1 , ord 0 is the vanishing order at the origin, and ord 0 ϕ = min 1≤j≤m ord 0 ϕ j .
where the infimum is taken over all non-degenerate sets {w 1 , . . . , w q−1 } of linear forms in O x 0 and (I, w 1 , . . . , w q−1 ) is the ideal in O x 0 generated by I, w 1 , . . . , w q−1 . Likewise, if M is a real hypersurface in C n , x 0 ∈ M, and 2 ≤ q < n, the D'Angelo q-type of the hypersurface M is given by
where (I(M), w 1 , . . . , w q−1 ) is the ideal in C ∞ x 0 generated by all smooth functions I(M) vanishing on M along with w 1 , . . . , w q−1 . 
where {w 1 , . . . , w q−1 } is a non-degenerate set of linear forms in O x 0 , (I, w 1 , . . . , w q−1 ) is the ideal in O x 0 generated by I, w 1 , . . . , w q−1 , and the infimum and the generic value are both taken over all such non-degenerate sets {w 1 , . . . , w q−1 } of linear forms in O x 0 . In other words, the infimum is achieved and equals the generic value.
Theorem 2.5 (D'Angelo, Theorem 2.7 [4] ). If I is an ideal in O x 0 containing q linearly independent linear forms w 1 , . . . , w q , then
If ∆ q (M, x 0 ) = t < ∞, let k = ⌈t⌉ be the ceiling of t. By Proposition 14 from p.88 of [5] ,
, where M k is real hypersurface defined by r k , the polynomial with the same k-jet at x 0 as the defining function r of M. By D'Angelo's polarization technique from [4] ,
, and the functions h, f 1 , . . . , f N , g 1 , . . . , g N are all holomorphic polynomials in n variables. Let U(N) be the group of N × N unitary matrices. ∀ U ∈ U(N), let I(U, x 0 ) = (h, f − Ug) be the ideal generated by h and the N components of f − Ug, where f = (f 1 , . . . , f N ) and g = (g 1 , . . . , g N ).
Theorem 2.6 (Theorem 14 [5] , p.91).
By taking the generic value instead of the infimum over any non-degenerate set of linear forms {w 1 , . . . , w q−1 } in O x 0 , one trivially obtains an analogue of Theorem 2.6 for∆ q instead of ∆ q : Theorem 2.7.
We recall from [1] the q version of D'Angelo's property P, q-positivity, the hypothesis that appears in Theorem 1.3:
2 − ||g|| 2 be a holomorphic decomposition at x 0 of the k-jet of the defining function r of M. We say that M is q-positive at x 0 if for every holomorphic curve ϕ ∈ C(n, x 0 ) for which ϕ * h vanishes and such that the image of ϕ locally lies in the zero locus of a non-degenerate set of linear forms {w 1 , . . . , w q−1 } at x 0 , the following two conditions are satisfied:
(i) ord 0 ϕ * r is even, i.e. ord 0 ϕ * r = 2a, for some a ∈ N;
Proposition 2.9 (Proposition 2.18 [1] ). Suppose M is pseudoconvex near x 0 , and that ∆ q (M, x 0 ) is finite. Then M and M k , the hypersurface corresponding to the truncation of order k of the defining function at x 0 , are q-positive at x 0 for all sufficiently large k.
Let V q be the germ of a q-dimensional complex variety passing through x 0 . Let G n−q+1 be the set of all (n − q + 1)-dimensional complex linear subspaces through x 0 in C n . Consider the intersection V q ∩ S for S ∈ G n−q+1 . For a generic, namely open and dense, subsetW of G n−q+1 , V q ∩ S consists of finitely many irreducible one-dimensional components V q S,k for k = 1, . . . , P. We parametrize each such germ of a curve by some open set
Likewise, for r the defining function of a real hypersurface M in C n passing through x 0 , let
In Proposition 3.1 of [2] , Catlin showed τ (f, V q ∩ S) assumes the same value for all S in a generic subsetW of linear subspaces that depends on V q , so he defined
Proposition 3.1 of [2] likewise implies that τ (V q ∩ S, x 0 ) assumes the same value for all S in the same generic subsetW of linear subspaces depending on V q , so Catlin defined
We will need to explain exactly how the generic subsetW depends on the germ of the qdimensional complex variety V q when we prove Theorem 1.5 in Section 4, so we defer that discussion.
Definition 2.10. Let I be an ideal of holomorphic germs at x 0 , then the Catlin q-type of the ideal I is given by
Let M be a real hypersurface in C n , and let x 0 ∈ M. The Catlin q-type of M at x 0 is given by
In both cases, the supremum is taken over the set of all germs of q-dimensional complex varieties V q passing through x 0 .
Since there is only one n-dimensional complex linear subspace passing through
) so the range of q considered in Theorems 1.2, 1.3, and 1.5 starts at 2.
Correcting the results in [1]
We claimed in the introduction that ∆ q and∆ q being simultaneously finite easily follows from D'Angelo's work in [4] . Proof: Let∆ q (I, x 0 ) = t < +∞, else the estimate is trivially true. Assume D q (I, x 0 ) > t. Since D q (I, x 0 ) is defined as the supremum over all q-dimensional holomorphic varieties passing through x 0 of τ (I, V q ), there exists such a holomorphic variety V q for which
but by definition,∆ q (I, x 0 ) is generic over the choice of S, so the curves in V q ∩ S already enter into the computation of∆ q (I, x 0 ). Therefore,∆ q (I, x 0 ) ≥ t ′ > t, a contradiction. 
Therefore, Corollary 4.3 in [1] requires no modification in either statement or proof.
Proposition 3.3 (Proposition 4.4 [1]).
Let Ω in C n be a domain with C ∞ boundary. Let x 0 ∈ bΩ be a point on the boundary of the domain. For any 2 ≤ q < n, D q (bΩ, x 0 ) ≤∆ q (bΩ, x 0 ).
Proof: If∆ q (bΩ, x 0 ) = +∞, then the estimate is obviously true. We thus restrict ourselves to the case when∆ q (bΩ, x 0 ) = t < +∞. Assume the estimate is false, i.e. D q (bΩ, x 0 ) > t. Since D q (M, x 0 ) is defined as the supremum over all q-dimensional holomorphic varieties passing through x 0 of τ (V q , x 0 ), there exists such a holomorphic variety V q for which
but by definition,∆ q (bΩ, x 0 ) is generic over the choice of S, so the curves in V q ∩ S enter into the computation of∆ q (bΩ, x 0 ). Therefore,
which is obviously a contradiction.
Proposition 3.4 (Proposition 4.5 [1]).
Let Ω in C n be a domain with C ∞ boundary. Let x 0 ∈ bΩ be a point on the boundary of the domain. For any 2 ≤ q < n, if the domain is q-positive at x 0 , then∆
Proof: The only modification occurs in the last two lines of the proof: By Theorem 2.7,
Proof of Theorem 1.3: We put together the results of Proposition 3.3 with Proposition 3.4 and Proposition 2.9, which says that a pseudoconvex domain is q-positive when ∆ q (bΩ, x 0 ) < ∞, recalling that by Lemma 1.4, ∆ q (bΩ, x 0 ) and∆ q (bΩ, x 0 ) are simultaneously finite.
Remark 3.5. In fact, the Main Theorem 1.5 that we will prove in the next section renders Propositions 3.2 and 3.4 obsolete.
Proof of the Main Theorem
Our proof of the Main Theorem 1.5 is motivated by a remark Catlin made on pp.147-8 of [2] . Catlin's remark can be paraphrased as follows: In order to compare the D'Angelo q-type with his own notion of q-type, it would be necessary to piece together one-dimensional varieties in order to get a q-dimensional one. We start with the following lemma, which constructs a very simple q-dimensional variety containing a given curve: Lemma 4.1. Let 2 ≤ q ≤ n − 1. Given a holomorphic curve Γ passing through a point x 0 ∈ C n and a (q − 1)-dimensional hyperplane Z passing through x 0 and satisfying that the tangent line to the curve Γ at x 0 is not contained in Z, there exists a germ of a q-dimensional cylinder C q at x 0 that contains the curve Γ and whose tangent space at x 0 contains Z. Remark 4.2. If x 0 is a singular point of the curve Γ, the curve could have multiple tangent lines, one for each branch of the curve. In that case, our assumption that the tangent line to the curve Γ at x 0 is not contained in Z means none of the tangent lines of Γ at x 0 are contained in Z.
Proof: Let Γ ⊂ C n be a holomorphic curve (dim Γ = 1) given by the equations
.., z n ) = 0 subject to the condition rank(∂f i /∂z j ) 1≤i≤n−1; 1≤j≤n = n − 1 that holds generically, namely everywhere except at some isolated points of Γ. We have assumed that the tangent line to the curve Γ at x 0 is not contained in Z, so we can define the cylinder C q determined by the curve Γ and the hyperplane Z as follows:
= {M ∈ C n such that there exists P ∈ Γ with line MP parallel to Z}.
By taking the coordinates for M = (z 1 , ..., z n ) and P = (x 1 , ..., x n ), we obtain
j=1 u ji t j . From the condition P ∈ Γ, we get the parametric equations of the cylinder C q :
.., n − 1. Differentiation with respect to parameters t 1 , . . . , t q−1 yields
The condition that the tangent to the curve Γ at x 0 is not parallel to Z implies rank ∂f l ∂t j 1≤l≤n−1; 1≤j≤q−1 = q − 1 generically in the neighborhood of x 0 . Of course, we have that Γ ⊂ C q and that the tangent space of C q at x 0 contains Z by construction. 
Proof:
We proceed as in the proof of Proposition 3.1. Let D q (I, x 0 ) = t < +∞, else the estimate is trivially true. Assume∆ q (I, x 0 ) > t. By definition, ∆ q (I, x 0 ) = gen.val {w 1 ,...,w q−1 } ∆ 1 (I, w 1 , . . . , w q−1 ), x 0 , where the generic value is taken over all non-degenerate sets {w 1 , . . . , w q−1 } of linear forms in O x 0 . Thus, there exist t ′ > t and a curve Γ passing through x 0 such that
for some non-degenerate set {w
The variety corresponding to the non-degenerate set {w ′ 1 , . . . , w ′ q−1 } of linear forms is a (n − q + 1)-dimensional hyperplane, which we will call H. Clearly, Γ ⊂ H. Let Z be the (q − 1)-dimensional hyperplane passing through x 0 that is transversal to H, i.e., dim C (H ⊕ Z) = n. Since Γ ⊂ H, the tangent line to the curve Γ at x 0 is not contained in Z. By Lemma 4.1, there exists a germ of a q-dimensional cylinder C q Z at x 0 that contains the curve Γ and whose tangent space at x 0 contains Z. We would like to show that Γ is one of the intersection curves along which τ ((I, w
is measured by examining Catlin's construction in Proposition 3.1 of [2] . We take advantage of the fact that the q-dimensional variety C q Z has a particularly simple structure by construction. In the proof of Proposition 3.1 from [2], Catlin removed three different sets W 1 , W 2 , and W 3 from G n−q+1 in order to arrive at his generic setW on which his q-type is computed. We wish to show that H ∈W , namely that H cannot belong to any of the three sets W 1 , W 2 , and W 3 taken out from G n−q+1 . First, to the germ of the variety C Secondly, to ensure the intersection C q Z ∩ S for S ∈ G n−q+1 behaves well, a good notion of transversality has to apply. Since C q Z ∩ S is generically a set of curves for S ∈ G n−q+1 and transversality cannot easily be tested for curves, Catlin reduces the intersection to points by looking at the conic variety corresponding to C 
As we mentioned above, however, Z is characterized by det(a i j ) q≤i,j≤n = 0, and Z and H are transversal to each other, so the linear equations defining H must satisfy det(a i j ) 1≤i,j≤q−1 = 0. We conclude H ∈ W 3 .
We have shown that H ∈W , so the curve Γ enters into the computation of τ ((I, w
giving us the needed contradiction.
Proposition 4.5. Let Ω in C n be a domain with C ∞ boundary. Let x 0 ∈ bΩ be a point on the boundary of the domain, and let 2 ≤ q ≤ n − 1. Theñ Proof of Theorem 1.5: First, we prove part (i). As explained in Section 3, ∆ n (I, x 0 ) = ∆ n (I, x 0 ) = D n (I, x 0 ), so the equality only needs to be proven for 2 ≤ q ≤ n − 1. The inequality D q (I, x 0 ) ≤∆ q (I, x 0 ) is a consequence of Theorem 1.2, while∆ q (I, x 0 ) ≤ D q (I, x 0 ) follows from Proposition 4.4. To prove part (ii), we note that D q (bΩ, x 0 ) ≤∆ q (bΩ, x 0 ) is a consequence of Theorem 1.3, while the reverse inequality follows from Proposition 4.5. 
